Trapezoidal cubic fuzzy numbers (TzCFNs) are an extraordinary cubic fuzzy set on a real number set. TzCFNs are useful for dealing with well-known quantities in decision data and decision making problems themselves. This paper is about multi-attribute group decision making problems in which the attribute values are stated with TzCFNs, which are solved by developing a new decision method based on power average operators of TzCFNs. The new operation laws for TzCFNs are given. Hereby, the power average operator of real numbers is extended to four kinds of power average operators of TzCFNs, involving the power average operator of TzCFNs, the weighted power average operator of TzCFNs, the power ordered weighted average operator of TzCFNs, and the power hybrid average operator of TzCFNs. In the proposed group decision method, the individual overall evaluation values of alternatives are generated by using the power average operator of TzCFNs. Applying the hybrid average operator of TzCFNs, the specific general evaluation standards of alternatives are then combined into the collective ones, which are used to rank the alternatives. The example analysis shows the practicality and effectiveness of the proposed method.
Introduction
Fuzzy sets were presented by Zadeh [60] to describe fuzzy problems with the membership function. The drawback of using the single membership value in the fuzzy set theory is that the evidence for x ∈ X and the evidence against x ∈ X are in fact mixed together (here, X is the universe of discourse). Atanassov [2] introduced the concept of intuitionistic fuzzy sets (IFSs) characterized by a membership function and a nonmembership function, which is more suitable for dealing with fuzziness and uncertainty than the fuzzy set. The IFS is highly useful in depicting the uncertainty and vagueness of an object, and thus can be used as a powerful tool to express data information under various different fuzzy environments, which has attracted great attention. The IFS has received more and more attention since its appearance, because the information about attribute values is usually uncertain or fuzzy due to the increasing complexity of the socio-economic environment and the vagueness of inherent subjective nature of human thinking.
IFS has been commonly useful to multi-attribute decision making (MADM) and multi-attribute group decision making (MAGDM) [6, 17, 20, 22, 34, 38, 39, 41, 46, 48, 50, 52, 55, 57, 61, 62] . These investigates container be incompletely classified into four types: aggregation operators [3, 6, 17, 20, 22, 32, 34, 38, 39, 41, 46, 48, 50, 52, 56, 57, 61, 62] , similarity (or distance) measures and entropy [15, 21, 45, 47, 49, 53] , extension of classic decision making methods [19, 37, 40, 42, 43, 51, 54] , new decision making methods [31, 35, 56] , and judgment matrix [53] .
In the characteristic of aggregation operators, Li et al. [17, 18, 20] introduced the generalized ordered weighted average operators with IFSs. Zhao et al. [62] established some new generalized aggregation operators, such as generalized intuitionistic fuzzy (IF) weighted averaging operator, generalized IF ordered weighted averaging operator, generalized IF hybrid averaging operator, and practical to MADM with IF data. Xu and Yager [52] , Xu [48] , and Wei [38] developed some geometric aggregation operators based on IFS, such as the IF weighted geometric operator, the IF ordered weighted geometric operator, and the IF hybrid geometric operator. Wei [39] proposed some induced geometric aggregation operators with IF information. Xu and Wang [55] developed induced generalized aggregation operators for IFSs. Wei and Zhao [41] developed some induced correlated aggregating operators with IF information. Su et al. [34] proposed the induced generalized IF ordered weighted average operator. Liu and Wang [22] proposed the IF point operators. Xu [50] developed the IF power aggregation operators. Yang and Chen [58] defined the quasi-arithmetic IF ordered weighted average operators. Zeng and Su [61] proposed the IF ordered weighted distance operator. Yu and Xu [59] proposed the prioritized IF aggregation operators. These aggregation operators for IF numbers (IFNs) may be observed as the extension of the ones for real numbers, which mainly involve the arithmetic aggregation operators, geometric aggregation operators, power aggregation operators, generalized average operators, and induced aggregation operators. Yager [57] defined the idea of a power median. We introduced some possible formulations for the support function used in the power average. For the resemblance (or distance) measures and entropy, Li [15] discussed some measures of dissimilarity in IF structures. Xu [49] defined the normalized Hamming distance between two IFNs and proposed the IF MADM method. Xu [47] , Xu and Yager [53] , and Huang et al. [13] defined similarity measures of IFSs and applied the similarity measures to the MADM or MAGDM under IF environment. These similarity (or distance) measures of IFSs can also be applied to pattern recognitions and approximate reasoning. Xia and Xu [45] developed the entropy/cross entropy for IFSs. Li et al. [21] researched the relationship between similarity measure and entropy of IFSs.
In addition of classic decision making methods, Li [16] and Li et al. [19] extended the classic LINMAP method to the IF environments. Wu and Chen [43] proposed the ELECTRE multi-criteria analysis approach based on IFSs. Xu and Hu [54] constructed the projection models for IF MADM. Dymova and Sevastjanov [6] investigated the operations on IF values in the framework of the Dempster-Shafer theory. Wei et al. [42] and Wei [40] proposed the gray relational analysis method for IF MADM. These decision making methods under IF environments generalize the classic decision making methods, such as TOPSIS, ELECTRE, LINMAP, and gray relational analysis. Wei [37] proposed the maximizing deviation method for IF MADM. Xu [51] provided an error-analysis-based method for the priority of an intuitionistic preference relation in decision making. Xu et al. [56] defined the interactive method for eliminating any dominated alternatives by updating the decision maker's preferences gradually so as to find out the optimal one eventually. Wu et al. [44] proposed score functions; a method is developed to construct Fuzzy preference relations from a given intuitionistic fuzzy preference relation and interval-valued intuitionistic fuzzy preference relation, respectively. Vahdani et al. [35] proposed IF ELECTRE, which utilizes the truth-membership function and non-truth-membership function to indicate the degrees of satisfiability and non-satisfiability of each alternative with respect to each criterion and the relative importance of each criterion, respectively. Pei and Zeng [31] proposed a new approach in which the degree of membership, the degree of non-membership, and the degree of hesitation are considered with various importance in reflecting the true image of the respective alternative. Chen et al. [5] proposed an approach that can be easily extended to deal with problems in an interval-valued IF environment. Chen [4] defined an experimental analysis conducted to examine the relationship between the results yielded by different score functions, considering the average Spearman correlation coefficients and contradiction rates. Xu and Yager [53] investigated some IF preference relations and their measures of similarity for the evaluation of agreement within a group. These IF preference relations enrich the research contents of the IF decision making theory.
Liu and Tang [23] defined the interval neutrosophic uncertain linguistic variables handling the uncertainty of the decision makers' cognition in multi-criteria group decision making problems. Liu et al. [28] proposed the multi-valued neutrosophic weighted Bonferroni mean operator and the multi-valued neutrosophic weighted geometric Bonferroni mean operator, and some of their properties are also investigated. Liu and Shi [24] proposed the single-valued neutrosophic uncertain linguistic set by combining the uncertain linguistic numbers and the single-valued neutrosophic set. Further, the neutrosophic uncertain linguistic number improved generalized weighted Heronian mean operator and the neutrosophic uncertain linguistic number improved generalized geometric weighted Heronian mean operator were developed. Liu et al. [29] extended the Bonferroni mean operator based on the Dombi operations to propose the IF Dombi Bonferroni mean operator, the IF weighted Dombi Bonferroni mean operator, the IF Dombi geometric Bonferroni mean operator, and the IF weighted Dombi geometric Bonferroni mean operator for dealing with the aggregation of IFNs, and proposed some MAGDM methods. Liu et al. [30] extended the partitioned Heronian mean operator to linguistic IFNs based on new operational rules, and proposed the linguistic IF partitioned Heronian mean operator, the linguistic IF weighted partitioned Heronian mean operator, the linguistic IF partitioned geometric Heronian mean operator, and the linguistic IF weighted partitioned geometric Heronian mean operator. Liu and Liu [26] combined the Bonferroni mean operator with q-rung orthopair fuzzy numbers to propose the q-rung orthopair fuzzy Bonferroni mean operator, the q-rung orthopair fuzzy weighted Bonferroni mean operator, the q-rung orthopair fuzzy geometric Bonferroni mean operator, and the q-rung orthopair fuzzy weighted geometric Bonferroni mean operator, as well as developed MAGDM methods based on these operators. Liu and Wang [27] proposed the q-rung orthopair fuzzy weighted averaging operator and the q-rung orthopair fuzzy weighted geometric operator to deal with decision information, and some of their properties are well proved. Liu and Chen [25] proposed a new MAGDM method with the I2LI based on the proposed I2LGA operator.
The cubic sets introduced by Jun et al. [14] are the generalizations of fuzzy sets and IFSs, in which there are two representations: one is used for the degree of membership and other is used for the degree of nonmembership. The membership function is held in the form of interval, while non-membership is thought over the normal fuzzy set.
Fahmi et al. [9] developed the Hamming distance for triangular cubic fuzzy number and weighted averaging operator. Fahmi et al. [8] proposed the cubic TOPSIS method and gray relational analysis set. Fahmi et al. [11] defined the triangular cubic fuzzy number and operational laws. The authors developed the triangular cubic fuzzy hybrid aggregation (TCFHA) administrator to total all individual fuzzy choice structures provided by the decision makers into the aggregate cubic fuzzy decision matrix. Fahmi et al. [1] defined the generalized triangular cubic linguistic hesitant fuzzy weighted geometric operator, generalized triangular cubic linguistic hesitant fuzzy ordered weighted average operator, generalized triangular cubic linguistic hesitant fuzzy ordered weighted geometric operator, generalized triangular cubic linguistic hesitant fuzzy hybrid averaging operator, and generalized triangular cubic linguistic hesitant fuzzy hybrid geometric operator. Fahmi et al. [7] developed the trapezoidal linguistic cubic hesitant fuzzy TOPSIS method to solve the multi-criteria decision making (MCDM) method based on trapezoidal linguistic cubic hesitant fuzzy TOPSIS method. Fahmi et al. [12] defined aggregation operators for triangular cubic linguistic hesitant fuzzy sets, which include the cubic linguistic fuzzy (geometric) operator, triangular cubic linguistic hesitant fuzzy weighted geometric operator, triangular cubic linguistic hesitant fuzzy ordered weighted geometric operator, and triangular cubic linguistic hesitant fuzzy hybrid geometric operator. Fahmi et al. [10] defined the trapezoidal cubic fuzzy weighted arithmetic averaging operator and weighted geometric averaging operator. The expected values, score function, and accuracy function of trapezoidal cubic fuzzy numbers (TzCFNs) are defined.
Due to the motivation and inspiration of the above discussion in this paper, we generalized the concept of trapezoidal fuzzy sets, trapezoidal IFSs, interval-valued trapezoidal IFN, trapezoidal fuzzy power aggregation method, interval-valued trapezoidal power aggregation operator, and interval-valued trapezoidal IF power aggregation operator, and introduce the concept of trapezoidal cubic fuzzy sets. If we take only one element in the membership degree of the TzCFN (i.e. instead of interval, we take a fuzzy number), we get trapezoidal IFNs. Similarly, if we take membership degree as fuzzy number and non-membership degree equal to zero, than we get trapezoidal fuzzy numbers.
The rest of this paper is organized as follows. In Section 2, we provide basic definitions of fuzzy set and cubic set. Section 3 presents the distances and operation laws of TzCFNs. Four kinds of power average operators of TzCFNs are exhibited in Section 4. Section 5 shows the MAGDM model and technique utilizing TzCFNs. In Section 6, a numerical example is used to verify the proposed method. In Section 7, we propose the comparison method. The paper is concluded in Section 8.
Preliminaries
In this section, we present a few basic definitions of fuzzy set theory, IFS, and cubic set theory. 
Definition 2 ([2]
): An Atanassov IFS on H is a set A = ∪{aḧ|aḧ ∈ H}. The membership and nonmembership function, Γ J and η j , are, respectively given by the following: 
Distances for TzCFNs
}︃ be two TzCFNs. The Hamming distance and Euclidean distance between them are, respectively defined as
and d e (a 1 , a 2 ) = 1 6 
(1) and (2) meet the non-negative symmetric and triangle inequality. 
Operational Laws and Properties for TzCFNs
}︃ be two TzCFNs and λ ≥ 0. Then, the operational laws for TzCFNs are defined as follows:
Power Average Operators of TzCFNs
Definition 10: For real numbers {a 1 , a 2 , . . . , a m }, the power average operator is defined as
is the support for a from b, satisfying the following properties:
Four Kinds of Power Average Operators of TzCFNs
Definition 11: Let {a 1 , a 2 , . . . , a m } be TzCFNs. The power average operator of TzCFNs is defined as
where T(a k ) = ∑︀ m j=1 Sup(a k , a j ) and Sup(a, b) is the support for TzCFN a from TzCFN b, satisfying the following properties:
Thus, we see that the more similar and the closer two values, the more they support each other. T(a k ) can be considered as the support of a k by all the other TzCFNs. The power average operator of TzCFNs exhibits a number of properties desirable for an aggregation operator. 
Theorem 5 (Idempotency): If a j = a(j = 1, 2, . . . , m), then TzCFPA (a 1 , a 2 , . . . , a m ) = a.
Definition 12:
The weighted power average operator of TzCFNs is defined as
where Definition 13: Let (a 1 , a 2 , . . . , a m ) be the TzCFNs. The power ordered weighted average operator of TzCFNs is defined as
where
where Q:
) denotes the support of the j-th largest TzCFN by all the other TzCFNs; hence, T(a σ(j) ) = ∑︀ m l=1,l̸ =j Sup(a σ(j) , a σ(l) ) · Sup(a σ(j) , a σ(l) ) indicates the support of l-th largest argument for the j-th largest argument. (σ 1 , σ 2 , . . . , σ n ) is a permutation of (1, 2, . . . , m), such that a σ(k−1) ≥ a σ(k) k = (1, 2, . . . , m) and the ranking method of TzCFNs. TzCFPOWA(a 1 , a 2 , . . . , a m ) = TzCFPA(a 1 , a 2 , . . . , a m ). 
Determining Approach of T (a k ) for Power Average Operators of TzCFNs
Before using these power average operators of TzCFNs, the key issue is to determine T(a k ), i.e. the support of a k by all the other TzCFNs. In the following, a determining approach of T(a k ) for power average operators of TzCFNs is investigated. For TzCFNs (a 1 , a 2 , . . . , a m ), the consensus degree matrix is constructed as follows:
where S kj = 1 − d(a k , a j ), d is Hamming or Euclidean distance defined as in Definition 7. The average consensus degree of a k by all the other TzCFNs is defined as follows:
To compare easily, we normalize the average consensus degree to obtain the relative consensus degree of a k by all the other TzCFNs, as follows:
As can be seen from Eqs. (8)- (10), RS(a k ) meets the conditions of support function in Definition 7. Hence, RS(a k ) can be viewed as AS k in Definitions 11-14.
MAGDM Model and Method Using TzCFNs

MAGDM Problem Using TzCFNs
A MAGDM problem is to find a best compromise solution from all feasible alternatives assessed on multiple attributes. Assume that there is a group consisting of k decision makers {P 1 , P 2 , . . . , P k } who have to choose one of (or rank) m alternatives {A 1 , A 2 , . . . , A m } based on n attributes {a 1 , a 2 , . . . , a n }. Denote an alternative set by A = {A 1 , A 2 , . . . , A m } and an attribute set by F = {a 1 , a 2 , . . . , a n }. The weight vector of decision makers is λ = (λ 1 , λ 2 , . . . , λ k ) T , satisfying that 0 ≤ λ t ≤ 1 (t = 1, 2, . . . , k) and ∑︀ k t=1 λ t = 1. Suppose that the trapezoidal cubic fuzzy rating of an alternative A i on an attribute a j given by the decision
ij ] denotes the extent to which alternative A i belongs to trapezoidal fuzzy number [h (t) 1i (a j ), h (t) 2i (a j ), h (t) 3i (a j ), h (t) 4i (a j )] on the attribute, w (t) ij denotes the extent to which alternative A i does not belong to the trapezoidal fuzzy num-
Hence, a MAGDM problem using TzCFNs can be concisely expressed in matrix format, as follows: 1, 2, . . . , k) , which are the trapezoidal cubic fuzzy decision matrices.
MAGDM Method Based on Power Average Operators of TzCFNs
In general, attributes can be classified into two types: benefit attributes and cost attributes. In other words, the attribute set F can be divided into two subsets: F 1 and F 2 , which are the subsets of benefit attributes and cost attributes, respectively. As the n attributes may be measured in different ways, so the matrix
needs to be normalized into
In this paper, the normalization method is chosen as follows:
,
1i (a j )|i = 1, 2, . . . , m}. The normalization method mentioned above is done to preserve the property that the range of a normalized trapezoidal fuzzy number [r (t) 1i (a j ), r (t) 2i (a j ), r (t) 3i (a j ), r (t) 4i (a j )] belongs to the closed interval [0, 1]. Then, the decision matrix A (t) = (a (t) ij ) m×n can be transformed into the normalized trapezoidal cubic fuzzy decision matrix R (t) = (r (t) ij ) m×n .
Remark 1:
The normalization equations for cost attributes given by Wang and Zhang [36] are as follows:
It is easily seen that the above equations cannot ensure that the normalized fuzzy number [r (t) 1i (a j ), r (t) 2i (a j ), r (t) 3i (a j ), r (t) 4i (a j )] is still a TzCFN. For the i-th line elements of matrix R (t) = (r (t) ij ) m×n , by Eq. (8) the consensus degree matrix of alternative A i given by P t is obtained as follows:
Hamming or Euclidean distance defined as in Definition 7.
By Eq. (9), the average consensus degree of attribute a k by all the other attributes of alternative A i is computed as
By Eq. (10), the relative consensus degree of attribute a k by all the other attributes of alternative A i is calculated as
Obviously, RS(S (t) k ) reflects the support degree of attribute a k by all the other attributes of alternative A i given by decision maker p t . The bigger the value of RS(S (t) k ), the higher the support degree of a k by all the other attributes. As can be seen from Eqs. (13) to (15) , RS(S (t) k ) meets the conditions of support function in Definition 11. Based on the above analysis, an algorithm and process of the MAGDM problems using TzCFNs may be given as follows:
Step 1: Normalize the decision matrix A (t) = (a (t) ij ) n×n according to Eqs. (11) and (12).
Step 2: Calculate the individual overall TzCFNs of all the alternatives. Substituting T(a k ) of Definition 11 by RS(S (t) k ), the individual overall TzCFN of alternative A i given by p t is derived as follows:
Step 3: Using the TzCFPHA operator to integrate a t i (t = 1, 2, . . . , k) , the collective overall TzCFN of alternative A i is obtained as
where λ = (λ 1 , λ 2 , . . . , λ n ) T is the decision makers' weight vector and ω = (ω 1 , ω 2 , . . . , ω k ) T is the associated vector.
Step 4: The ranking orders of alternatives are generated according to TzCFNs a i (i = 1, 2, . . . , m) by the ranking method.
Remark 2:
If the weight vector of attributes is known, the algorithm and process of the MAGDM problems using TzCFNs are the same as the above steps except for substituting TzCFPA by TzCFWPAW in Eq. (16), where W = (w 1 , w 2 , . . . , w n ) T is the weight vector of attributes, satisfying that 0 ≤ w j ≤ 1 (j = 1, 2, . . . , n) and ∑︀ n j=1 w j = 1. 
An Enterprise Selection Problem and the Analysis Process
In order to improve the market-competing ability, a motorcycle company wants to select the best enterprise to form the cooperative alliance from four potential enterprises A 1 , A 2 , A 3 , and A 4 . The attributes considered in the selection are as follows: the producing ability a 1 , the level of technology innovation a 2 , the ability of capital currency a 3 , and the ability of research a 4 . An expert group is formed that consists of three experts (or decision makers) {p 1 , p 2 , p 3 }, whose weight vector is k = (0.25, 0.25, 0.25, 0.25) T .
Step 1: Using Eq. (11), the decision matrix
The results are listed in Tables 4-6. Step 2: Utilizing the Hamming distance and Eq. (16), the elements in the i-th line of the normalized matrix R (t) = (r (t) ij ) n×n can be integrated into the individual overall TzCFNs of the alternative A i (i = 1, 2, 3, 4; t = 1, 2, 3, 4), as follows:
Step 3: By Eq. (6), the associated weighted vector with the CFPHA operator is obtained as x = (0.25, 0.25, 0.25, 0.25) T . Combining the weight vector of experts k = (0.36, 0.25, 0.39) T and Eq. (17), the collective overall TzCFNs of the alternatives are, respectively derived as follows: 
Step 4: Adopting the approach of the rank a i , the expectation and expectant scores of all alternatives are obtained as follows: E(a 1 ) = 0.2742, E(a 2 ) = 0.4625, E(a 3 ) = 0.8268, E(a 4 ) = 0.7123.
Comparison Analyses
To verify the rationality and efficiency of the proposed approach, a comparative study is steered using the methods of IF power average aggregation operator [51] , trapezoidal fuzzy number [33] , and triangular cubic fuzzy number [11] , which are special cases of power average operators of TzCFNs, to the similar expressive example.
A Comparison Analysis with the Existing MCDM Method Intuitionistic Fuzzy Power Average Aggregation Operator
The IF power average aggregation operator can be considered as a special case of TzCFNs when there is only element in membership and non-membership degree [50] . For comparison, the TzCFNs can be transformed to IF power average aggregation operator by calculating the average value of the membership and non-membership degrees. After transformation, the IF power average aggregation operator is shown in Table 9 .
Step 1: The decision matrix [50] . The results are listed in Table 9 .
Step 2: Utilizing the aggregation operator, the elements in the i-th line of the aggregation matrix R (t) = (r (t) ij ) n×n can be integrated into the individual overall IFNs of the alternative A i (i = 1, 2, 3, 4; t = 1, 2, 3, 4), as follows: w = (0.2, 0.2, 0.3, 0.3).
Step 3: Find the score value E(a 1 ) = 0.2021, E(a 2 ) = −0.0403, E(a 3 ) = 0.0818, E(a 4 ) = −0.0544.
Step 4: Find the final ranking E(a 1 ) > E(a 3 ) > E(a 4 ) > E(a 2 ).
Obviously, the ranking being derived from the method proposed by Xu [50] is different from the result of the proposed method. TzCFNs are more flexible than the IF power average aggregation operator because they consider the situations where decision makers would like to use several possible values to express the membership and non-membership degrees.
A Comparison Analysis with the Existing MCDM Method Trapezoidal Fuzzy Number
Trapezoidal fuzzy number can be considered a special case of TzCFNs when decision makers only consider membership degrees in evaluation [33] . For comparison, the TzCFNs can be transformed to trapezoidal fuzzy number by remaining only the membership degrees and non-membership degrees. After transformation, the trapezoidal fuzzy number information is given in Table 11 .
Step 1: Utilizing the aggregation operator, the elements in the i-th line of the normalized matrix R (t) = (r (t) ij ) n×n can be integrated into the individual overall TzFNs of the alternative A i (i = 1, 2, 3; t = 1, 2, 3), as follows:
Step 2: Find the score value E(a 1 ) = 0.4486, E(a 2 ) = 0.6810, E(a 3 ) = 0.3167, E(a 4 ) = 0.4221.
Step 3: Find the final ranking E(a 2 ) > E(a 1 ) > E(a 4 ) > E(a 3 ).
The ranking of all alternatives Z 2 > Z 1 > Z 4 > Z 3 and Z 2 is the best selection. Obviously, the ranking being derived from the method proposed by Shaw and Roy [33] is different from the result of the proposed method. TzCFNs are more flexible than trapezoidal fuzzy numbers because they consider the situations where decision makers would like to use several possible values to express the membership degrees.
A Comparison Analysis with the Existing MCDM Triangular Cubic Fuzzy Number
Triangular cubic fuzzy number can be considered as a special case of TzCFNs when there are only three membership and non-membership degrees [11] . For comparison, the triangular cubic fuzzy number can be transformed to triangular cubic fuzzy numbers by calculating the average value of the membership and non-membership degrees. After transformation, the triangular cubic fuzzy number information is given in Table 13 .
Step 1: Use the TCFHA operator to aggregate all three decision matrices into a single collective decision matrix with triangular cubic fuzzy ratings. Consider w = (0.2, 0.3, 0.2, 0.3).
Step 2: To find the ranking order of the alternatives, use the score function E(a 1 ) = 0.0409, E(a 2 ) = 0.0628, E(a 3 ) = 0.0203, E(a 4 ) = 0.1145.
Step 3: Find the ranking E(a 4 ) > E(a 2 ) > E(a 1 ) > E(a 3 ). An enterprise selection problem and the analysis process E(a 3 ) > E(a4) > E(a 2 ) > E(a1) Intuitionistic fuzzy power average aggregation operator [50] E(a1) > E(a 3 ) > E(a4) > E(a 2 ) Trapezoidal fuzzy number [33] E(a 2 ) > E(a1) > E(a4) > E(a 3 ) Triangular cubic fuzzy number [11] E(a4) > E(a 2 ) > E(a1) > E(a 3 )
The ranking of all alternatives Z 4 > Z 2 > Z 1 > Z 3 and Z 4 is the best selection. Obviously, the ranking being derived from the method proposed by Fahmi et al. [11] is different from the result of the proposed method. The main reason is that the triangular cubic fuzzy number only considers the interval-valued triangular fuzzy number and triangular fuzzy number, which may result in the information not being equal.
The advantages of our proposal can be summarized on the basis of the above comparison analyses. TzCFNs are very suitable for illustrating uncertain or fuzzy information in MCDM problems because the membership and non-membership degrees can be two sets of several possible values, which cannot be achieved by the IF power average aggregation operator, trapezoidal fuzzy number, and triangular cubic fuzzy number. On the basis of basic operations, aggregation operators and comparison method of TzCFNs can also be used to process the IF power average aggregation operator, trapezoidal fuzzy number, and triangular cubic fuzzy number after slight adjustments, because TzCFNs can be considered as the generalized form of the IF power average aggregation operator, trapezoidal fuzzy number, and triangular cubic fuzzy number. The defined operations of TzCFNs give us more accuracy than the existing operators.
A comparison analysis with existing methods is shown in Table 15 .
Conclusions
This paper considers the MAGDM problem, in which the attribute values are in the form of TzCFNs, and a new MAGDM method is offered. Based on the Hausdorff metric, two kinds of distances between TzCFNs are defined: relating Hamming distance and Euclidean distance. The new operation laws for TzCFNs are specified. Hereby, four kinds of power average operators of TzCFNs are defined and their desirable properties are studied. Applying the power average operator and the power hybrid average operator of TzCFNs, the collective overall TzCFNs of alternatives are derived. Then, the ranking order of alternatives is generated according to the collective overall TzCFNs of alternatives. Finally, an illustrative example is given to verify the developed approach and to demonstrate its practicality and effectiveness. Because the power average operators of TzCFNs can sufficiently take into account the information about the relationships among the arguments being aggregated and can reduce the influence of outlier arguments on the decision result by assigning lower weights to those outliers, they can make the decision result more reflective of the total collection of arguments. The proposed decision method in this paper is more objective and reasonable. Meanwhile, the power average operators of TzCFNs greatly enrich the research content of cubic fuzzy MAGDM and provide a new tool of information fusion for solving decision problems under cubic fuzzy environments. The developed method is very suitable for decision making problems in many areas, especially in situations where the problems involve multiple different attributes with different dimensions and some unfair assessment data. It is expected to be applicable to supplier management, water environment assessment, threat evaluation and missile weapon system selection, warship combat plan evaluation, etc. For future research, we will develop some new geometric aggregation operators for TzCFNs, including the power geometric operator of TzCFNs, weighted power geometric operator of TzCFNs, and power ordered weighted geometric operator of TzCFNs, whose weighting vectors depend upon the input arguments and allow values being aggregated to support.
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